We point out that there are compact 4-manifolds which do not admit metrics of positive scalar curvature, but nonetheless have finite covering spaces which do carry such metrics. Moreover, passing from a 4-manifold to a covering space sometimes actually changes the sign of the Yamabe invariant.
As was first pointed out by Bérard Bergery [1] , there exist, in dimensions ≡ 1 or 2 mod 8, n ≥ 9, certain smooth compact manifolds M which don't admit metrics of positive scalar curvature, but which nonetheless have finite coverings that do admit such metrics. For example, let Σ be an exotic 9-sphere which does not bound a spin manifold, and consider the connected sum M = (S 2 × RP 7 )#Σ. On one hand, M is a spin manifold with nonzero Hitchin invariantâ(M) ∈ Z 2 , so [5] there are harmonic spinors on M for every choice of metric; the Lichnerowicz Weitzenböck formula therefore tells us that no metric on M can have positive scalar curvature. On the other hand, the universal coverM = (S 2 × S 7 )#2Σ of M is diffeomorphic to S 2 × S 7 , and so admits positive scalar metrics -e.g. the standard product metric.
The purpose of this note is to point out that the same phenomenon occurs in dimension 4. Moreover, passing from a 4-manifold to one of its covering spaces can even change the sign of the Yamabe invariant. Recall that Yamabe invariant of a smooth compact n-manifold is defined [6, 12, 8] by
where C(M) is the space of conformal classes of Riemannian metrics on M, and where s g , dµ g , and V g respectively denote the scalar curvature, volume measure, and total volume of a Riemannian metric g on M. In order to carry out our construction, we will need to consider the oriented 4-manifold
where the Z 2 action is generated by the double antipodal map
We will also need a non-spin compact complex surface X of general type which can be expressed as a complete intersection in some complex projective space. For example, we could take X to be the Fermat hypersurface
for any odd m ≥ 5.
Theorem 1 Let X and N be as above, and let M = X#N. Then M has negative Yamabe invariant; in particular, it does not admit metrics of positive scalar curvature. However, the universal coverM of M is diffeomorphic to a connected sum kCP 2 #ℓCP 2 , and so admits metrics of positive scalar curvature; in particular,M has positive Yamabe invariant.
Proof. Since X is a complex algebraic surface with b + (X) > 1, the SeibergWitten invariant of X is well-defined and non-zero for the canonical spin c structure determined by the complex structure. On the other hand, N satisfies b 2 (N) = b 1 (N) = 0, and a gluing result of Kotschick-Morgan-Taubes [7] thus implies that the Seiberg-Witten invariant is non-zero for a spin c structure on M = X#N with c 1 = c 1 (X). This tells us [16] that M does not admit any metrics of positive scalar curvature, and that [8] , moreover,
On the other hand, since N admits metrics of positive scalar curvature, one also has the inequality [6, 8] 
so we obtain
On the other hand, the universal cover of M isM = X#X#(S 2 × S 2 ). Now Gompf [3] has used a handle-slide argument to show that X#(S 2 × S 2 ) dissolves, in the sense that
where k 1 = b + (X) + 1 ≥ 6. On the other hand, an earlier result of Mandelbaum and Moishezon [10] asserts that X#CP 2 dissolves, too:
It follows that
for k = 2b + (X) + 1 and ℓ = 2b − (X) + 1. Since a connected sum of positivescalar-curvature manifolds admits metrics of positive scalar curvature [4, 13] , we thus conclude that Y(M ) > 0.
It is unclear whether an analogous change in the sign of the Yamabe invariant can occur in higher dimensions. At any rate, it has recently been shown [2] that a compact n-manifold M, n ≥ 5, must have Y(M) ≥ 0 if π 1 (M) is a finite group for which all the Sylow subgroups are Abelian. In particular, this phenomenon definitely does not occur in the examples of Bérard Bergery.
We also note in passing that the exact calculation of Yamabe invariants is particularly difficult in the positive case. However, it is known [9] that Y(CP 2 ) = Y(CP 2 ) = 12π √ 2. By contrast, for a connected sum of kCP 2 #ℓCP 2 , this only tells us [6] that
and effectively leave us with a 16% uncertainty as to the actual value of Y(M) for the universal coverM in the proof of Theorem 1. The examples in Theorem 1 can be greatly generalized provided one does not insist on passing to the universal cover. Proof. By a celebrated theorem of Taubes [14] , the canonical spin c structure of the symplectic manifold Y has non-zero Seiberg-Witten invariant, and since N#N has b 1 = b 2 = 0, the same gluing argument [7] as before implies that the Seiberg-Witten invariant is non-zero for a spin Now let X denote the universal cover of Y , and observe that M has covers of the form 2 k X#k(S 2 × S 2 )#ℓN for any k ≥ 1. On the other hand, since X is non-spin by assumtion, a result of Wall [15] asserts that there is an integer k 0 such that
Since (S 2 × S 2 )#CP 2 ≈ 2CP 2 #CP 2 , it then follows that 
